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AN ARITHMETIC GENERAL THEOREM FOR POINTS OF BOUNDED
DEGREE
NATHAN GRIEVE
Abstract. We study rational points of bounded degree on polarized projective varieties.
To do so, we refine further the filtration construction and subspace theorem approach, for
the study of integral points, which has origins in the work of Corvaja-Zannier, Levin, Evertse
and Autissier. Our main result establishes a Second Main Arithmetic Schmidt’s Subspace
type theorem for polarized projective varieties and points of bounded degree.
1. Introduction
1.1. Our starting point here is [14, Conjecture 5.1] in which H. P. Schlickewei proposed
certain arithmetic inequalities for algebraic points of projective r space with fixed bounded
degree. Results in the direction of this conjecture have been obtained by Levin [12]. The
main approach given there is based on the concept of subgeneral position for hyperplanes in
projective space. They are quite different from those of Evertse, Ferretti and Schlickewei [5],
[14] and [4]. For example, recall that the quantitative (absolute) form of Schmidt’s Subspace
Theorem is deduced as an application of its parametric generalization [5], [4].
1.2. In general, it remains an important and difficult question to develop systematic methods
for obtaining a Second Main Theorem for points of bounded degree. Such matters, from the
point of view of Vojta’s Main Conjecture, with discriminant term, are discussed in [12,
Appendix]. Our techniques here build on the filtration methods of [3], [1] and [13]. To place
matters into their proper context, recall that the Main Conjecture implies the abc Conjecture
[15].
1.3. Returning to [14, Conjecture 5.1], it is suggested that the optimal constant that appears
in these inequalities should be governed by a function which is linear in the number of
polynomial variables and which is quadratic in the degree of the algebraic points. Moreover,
the exceptional set predicted by [14, Conjecture 5.1] is contained in a finite union of linear
subspaces, each of which has field of definition with degree at most that of the given degree
of the fields of definition of the algebraic points. We adopt that view point here; see §2.6.
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1.4. Building on the approach of [13] and [7], for example, we reformulate [14, Conjecture
5.1], expressing it using the language of linear series (see Theorem 3.3). We then adapt the
techniques of [13] to show how it can be used to establish a general Arithmetic Second Main
Theorem for algebraic points of fixed bounded degree. We formulate this result as Theorem
1.1 below.
1.5. Our main arithmetic general theorem is stated in the following way.
Theorem 1.1. The main inequalities for algebraic points in projective r space, with fixed
bounded degree d, as formulated in §2.6, have the following consequences for a given geomet-
rically irreducible projective variety X over a fixed base number field K. Let D1, . . . , Dq be
nonzero effective Cartier divisors on X and defined over a fixed finite extension field F/K,
with K ⊆ F ⊆ K, for K a fixed algebraic closure of K. Put
D = D1 + · · ·+Dq,
and assume that these divisors Di, for i = 1, . . . , q, intersect properly over F.
Let L be a big line bundle on X and defined over K. Fix a finite set of places S ⊆ MK.
Then, for each i = 1, . . . , q, there exists positive constants γ(d, L,Di) so that for each given
ǫ > 0, there exists constants aǫ, bǫ > 0 so that either
hL(x) 6 aǫ;
or the inequality ∑
v∈S
λD,v(x) 6
(
max
16i6q
{γ(d, L,Di)}+ ǫ
)
hL(x) + bǫ
holds true for all points
x ∈ X
(
K
)
\ Z
(
K
)
with
[K(x) : K] 6 d.
Here, Z ( X is a proper Zariski closed subset which is contained in a finite union of linear
sections Λ1, . . . ,Λh each of which has field of definition with degree at most equal to d over
K.
1.6. We prove Theorem 1.1 in §5. We define the concept of linear section in Definition 3.1.
2. Preliminaries
2.1. Let K be a number field F/K a finite extension and K an algebraic closure of K, with
the property that K ⊆ F ⊆ K. Our conventions about the sets MK and MF are consistent
with those of [2, p. 11]. For example, if p is a prime number, then
|p|p = p
−1.
AN ARITHMETIC GENERAL THEOREM FOR POINTS OF BOUNDED DEGREE 3
2.2. More generally, for a place v ∈MK, then v | p, for some place p ∈MQ and
(2.1) |x|v :=
∣∣NKv/Qp(x)∣∣ 1[K:Q]p
for x ∈ K. With these conventions, the set MK, for each number field K, satisfies the
product formula with multiplicities equal to one.
2.3. In terms of height functions, if
x = [x0 : · · · : xr] ∈ P
r
K
(
K
)
,
then its (absolute logarithmic) height with respect to the tautological line bundle OPr
K
(1) is
given by
(2.2) hOPr (1)(x) :=
∑
v∈MK
max
j
log |xj |v.
This quantity (2.2) is well defined. It is independent of the choice of homogeneous coordinate
vector and does not depend on fields of definition.
2.4. If v ∈ MK, then we may fix an extension of v to K. In this way, v determines an
absolute value on F. Precisely, let | · |v be the absolute value on K represented by v ∈ MK
and defined in (2.1). Fix a place w of F lying over v and put
(2.3) | · |v = | · |w,K := |NFw/Kv(·)|
1
[Fw :Kv]
v .
This is the extension to F of the absolute value | · |v representing a place v ∈MK.
2.5. Given a linear form
ℓ(x) ∈ F[x0, . . . , xr],
set
||ℓ(x)||v :=
|ℓ(x)|v
maxj |xj|v
.
This is the standard metric of ℓ(x) with respect to v. It determines the local Weil function
of ℓ(x) with respect to v. Explicitly
(2.4) λℓ(x),v(x) := − log ||ℓ(x)||v = log
(
maxj |xj |v
|ℓ(x)|v
)
.
By construction, the function (2.4) is nonnegative at all points of its domain.
2.6. For later use, the form of [14, Conjecture 5.1], which we find useful for our purposes
here, is formulated in the following way.
Condition 2.1 (The main inequalities for points of bounded degree). Let K be a number
field with fixed algebraic closure K. Fix S a finite set of places of K. Let r, d be positive
natural numbers. For each v ∈ S, fix linearly independent linear forms ℓv,0(x), . . . , ℓv,r(x) in
4 NATHAN GRIEVE
the polynomial ring K[x0, . . . , xr]. Then there exists a positive constant c(r, d) > 0, which
depends only on r and d, which has the following property for each fixed δ > 0. There exists
positive constants aδ, bδ > 0 so that if Z ( P
r(K) is the set of all points
x = [x0 : · · · : xr] ∈ P
r(K)
which satisfy the three conditions that
(i) hOPr
K(1)
(x) > aδ;
(ii)
∑
v∈S
∑r
i=0 λℓv,i,v(x) > (c(r, d) + δ)hOPr
K
(1)(x) + bδ; and
(iii) [K(x) : K] 6 d,
then there exists finitely many proper linear subspaces Λ1, . . . ,Λh in P
r
K
, each having field
of definition with degree at most d over K, and such that Z is contained in their union
Λ1
⋃
. . .
⋃
Λh.
2.7. Note that when d = 1, Condition 2.1 is a slight variant to the traditional statement of
Schmidt’s Subspace Theorem [2, Section 7.2].
2.8. Other notations and conventions. Unless explicitly stated otherwise, by a variety
over a number field K is meant a geometrically integral variety. By a model of a projective
variety is meant a normal projective model; we allow the possibility that such a model has
field of definition F some finite extension of the base number field K. If L is a line bundle on
a projective variety X , defined over K, then XF and LF denote their base change to SpecF.
If s ∈ H0(XF, LF) is a global section of the line bundle LF, then div(s) denotes the Cartier
divisor on XF which it determines. At times, when no confusion is likely, we denote XF and
LF simply by X and L, respectively. We also find it convenient to use the same notation for
Cartier divisors and the line bundles that they determine; we also sometimes use additive
notation to denote tensor products of invertible sheaves.
3. Schlickewei’s inequalities expressed in terms of linear systems
3.1. As is the case for the Second Main Theorem, for example in the form of [13] or [8], it is
useful to express the inequalities predicted by [14, Conjecture 5.1] in terms of linear systems.
Formulating such diophantine geometric inequalities in this way is by now standard practice
(see for instance [6], [13]). Before doing this, see Theorem 3.3 below, we define the following
concept which we find useful for expressing its conclusion.
Definition 3.1. Let L be a very ample line bundle on a geometrically irreducible projective
varietyX . Assume that (X,L) is defined overK. Let F/K be a finite extension, K ⊆ F ⊆ K.
Put V := H0(X,L), VF := V ⊗ F and r = h
0(X,L)− 1. Fix a closed immersion
(3.1) XF →֒ P
r
F
,
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which is determined by the complete linear system |VF|. By a linear section of X with respect
to the embedding (3.1) and having field of definition some finite extension F/K of the base
number field K, is meant a subscheme of the form XF
⋂
Λ for Λ the F-span of some linear
space Λ ⊆ Pr
F
.
Remark 3.2. Definition 3.1 can be modified to treat the case of big (and not necessarily
ample) line bundles on X . Indeed, by resolving indeterminacies of a big the linear system
|L| we obtain a concept of linear section with respect to the base point free linear system on
some proper model X ′ of X which is obtained determined by |L|. The image in X of such
linear sections are defined to be the linear sections of X with respect to the big line bundle
L.
3.2. Our Second Main Theorem, for points of bounded degree, and expressed in terms of
linear systems, reads in the following way. For our purposes here, it suffices to treat the
case of big line bundles. A similar conclusion also remains true for the case that L is only
assumed to be effective (compare with [13] and [8]).
Theorem 3.3. The main inequalities for points of bounded degree, as stated in §2.6 (Con-
dition 2.1), imply the following conclusion. Let L be a big line bundle on a geometrically
irreducible projective variety X. Assume that both X and L are defined over a number field
K and put r := h0(X,L) − 1. Fix a positive natural number d. There exists a positive
constant c(d, L), which depends only on d and L so that the following holds true. Let F/K
be a finite extension, K ⊆ F ⊆ K. Put V := H0(X,L) and VF := V ⊗K F. Let S be a
finite subset of MK. For each v ∈ S, fix a collection of linearly independent global sections
sv,0, . . . , sv,r ∈ VF. Let δ > 0. There exists constants aδ, bδ > 0 so that the following holds
true. If Z ( X is the set of all points x ∈ X
(
K
)
which satisfy the three conditions that
(3.2) hL(x) > aδ;
(3.3)
∑
v∈S
r∑
i=0
λsv,i,v(x) > (c(d, L) + δ)hL(x) + bδ; and
(3.4) [K(x) : K] 6 d,
then there exists finitely many proper linear sections Λ1, . . . ,Λh in XK each having field of def-
inition with degree at most d over K and such that Z is contained in the union Λ1
⋃
. . .
⋃
Λh.
Proof. The reformulation of diophantine arithmetic inequalities for linear forms in polyno-
mial rings into the language of very ample linear systems is now quite standard [1], [13].
Arguing as in [1, Proposition 4.2], [13, Theorem 2.10] or [8, Proposition 2.1], for example,
we conclude that, without loss of generality, we may reduce to the case that L is very ample.
One other key point is that the choice of sections allows for an embedding ofXF = X×SpecF
into projective r space Pr
F
= Pr
K
×SpecF. The result then follows by applying the traditional
form of the Second Main Theorem, for points of bounded degree, as in Condition 2.1 or [14,
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Conjecture 5.1], to (Pr
F
,OPr
F
(1)) combined with the behaviour of local Weil functions under
pullback. Note that it is important that the exceptional set is contained in a finite union of
linear spaces. 
4. Expected orders of vanishing
4.1. The purpose of this section is to define our main measures for expected orders of
vanishing. At present we work over a fixed base number field K. For our purposes, there
is no harm to consider the more general relative case. To that end, fix a finite extension of
number fields F/K, with K ⊆ F ⊆ K, for K some fixed algebraic closure of K. Given a
polarized variety over K, by abuse of notation, we use the same notation to denote its base
change to F.
4.2. Let L be a very ample line bundle on a geometrically irreducible projective variety
X . We hencefourth assume that the polarized variety (X,L) is defined over K. Given a
nonzero effective Cartier divisor D on X , defined over F, the main measure of positivity and
expected orders of vanishing along D can be defined as
(4.1) γ(L,D) := lim sup
m→∞
mh0(X,mL)∑
ℓ>1 h
0(X,mL− ℓD)
;
see [1] and [13].
4.3. This quantity (4.1) admits several equivalent descriptions (see for example [8], [9], [10]).
In (4.1), the line bundle L is not required to be very ample. For instance, it can be big.
Moreover, for the case that X is a Fano variety, in particular when the anticanonical class
L = −KX is ample, then the condition that γ(L,D) 6 1 is significant from the point of view
of K-instability for (X,−KX) and Vojta’s Main Conjecture for K-rational points [11].
4.4. Turning to points of bounded degree, by analogy with the inequalities (3.3) and their
anticipated role in obtaining an arithmetic general theorem for points of bounded degree,
we define
(4.2) γ(d, L,D) := lim sup
m→∞
mc(d,mL)∑
ℓ>1 h
0(X,mL− ℓD)
.
Here, in (4.2), we assume that the constant c(d,mL), for each m > 0, is the optimal constant
c(d,mL) > h0(X,mL)
that is given by Theorem 3.3.
4.5. We also put
(4.3) b(d,mL) :=
c(d,mL)
h0(X,mL)
.
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The idea behind making the auxiliary definition (4.3) is that, in the limit, we expect that
these quantities (4.1) and (4.2) are related as
γ(d, L,D) = b(d)γ(L,D)
for b(d) some new constant, which should depend on X and d (but not on L nor D). We do
not make further comment about these considerations in what follows.
4.6. For use in the proof of Theorem 1.1, we make explicit mention of a slight variant to
[13, Proposition 4.18]. Here and elsewhere, we assume some familiarity with the concept of
birational divisor. We refer to [13] for a more detailed discussion, which is suitable for our
purposes here, on that topic.
Lemma 4.1 (Compare with [13, Proposition 4.18]). Let L be a line bundle on a geometrically
irreducible projective variety X and defined over the base number field K. Let F/K be some
finite extension field and let E1, . . . , Eℓ be a collection of Cartier divisors on X and defined
over F. Let
E =
ℓ∧
i=1
Ei
be the greatest lower bound of the Ej, for j = 1, . . . , ℓ, and let
0 6= s ∈ H0(XF, LF)
be some nonzero global section which lies in the coherent subsheaf of LF which is generated
by the sheaf
∑ℓ
j=1 (LF − Ej). Then
(4.4) div(s) >
ℓ∧
j=1
Ej.
Proof. Let φ : X ′ → XF be some model for which E has trace a Cartier divisor EX′ . Then
φ∗Ej − EX′ > 0
for all j = 1, . . . , ℓ. Thus, for each j = 1, . . . , ℓ, the sheaf φ∗(LF − Ej) is a subsheaf of
φ∗LF − EX′ . In particular, it follows that
φ∗s ∈ H0(X ′, φ∗LF − E)
whence the desired inequality (4.4). 
5. Proof of the arithmetic general theorem for points of bounded degree
5.1. Here we prove Theorem 1.1. In doing so, we summarize the most important aspects of
the filtration method for measuring complexity of rational points. The method of proof for
the arithmetic general theorem, for points of bounded degree, is obtained from Condition
2.1 in a manner which is similar to the classical case. Recall, that the origin for this method
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is attributed to Corvaja-Zannier, [3], and others. Our conventions about this filtration
construction are mostly consistent with those of [13]. Note that they are slightly different
than those of [8].
5.2. To prepare for the proof of Theorem 1.1, let D1, . . . , Dq be nonzero effective Cartier
divisors intersecting properly on X and let
D = D1 + · · ·+Dq.
Fix a big line bundle L on X and put n := dimX . We allow that these divisors Di are
defined over F a finite extension of the base number field K and contained in K a fixed
algebraic closure of K. We insist that X is geometrically irreducible and that L is defined
over K.
5.3. In this context, we are able to proceed with the proof of Theorem 1.1. Again, the
proof we give is an adaptation of the approach given in [13] and [8]. This adaptation is made
possible because of Theorem 3.3 and because of the definition given by (4.2).
Proof of Theorem 1.1. Hencefourth, we fail to distinguish between X and L, respectively,
and their base change to SpecF.
Let ǫ > 0 and choose positive integers m and b so that(
1 +
n
b
)
max
16i6q
mc(d,mL)∑
ℓ>1 h
0(X,mL− ℓDi)
< max
16i6q
γ(L, d,Di) + ǫ.
Here, and elsewhere, we have defined
γ(d, L,Di) := lim sup
m→∞
mc(d,mL)∑
ℓ>1 h
0(X,mL− ℓDi)
.
Recall that we have fixed m and b. Let
Σ :=
{
σ ⊆ {1, . . . , q} :
⋂
j∈σ
SuppDj 6= ∅
}
.
For σ ∈ Σ, let
∆σ :=
{
a = (ai) ∈ N
#σ :
∑
i∈σ
ai = b
}
.
Note that if
a ∈ ∆σ,
then
1
b
a ∈ ∆σ.
In particular, for each
a ∈ ∆σ,
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and each nonnegative real number t > 0, define the ideal sheaf
I(t) ⊆ OX
by the rule
I(t) =
∑
b
OX
(
−
∑
i∈σ
biDi
)
.
Here, the sum is taken over all
b ∈ N#σ
which have the property that ∑
i∈σ
aibi > bt.
Put
F(σ; a)t = H
0(X,L⊗m ⊗ I(t)) ⊆ H0(X,mL).
A key point is then to observe that
F (σ; a) > min
16i6q
(
1
h0(X,mL)
∑
ℓ>1
h0(X,mL− ℓDi)
)
> min
16i6q
(
1
c(d,mL)
∑
ℓ>1
h0(X,mL− ℓDi)
)
.
Here, we have used the fact that the divisors D1, . . . , Dq intersect properly. (See [13, Propo-
sition 6.7] or [1, Theorem 3.6].) This well-defined quantity F (σ; a) may be expressed as in
equation (5.1) below.
Now, for each nonzero section
0 6= s ∈ H0(X,mL)
define
µa(s) = sup {t ∈ R>0 : s ∈ F(σ; a)t}
and let Bσ;a be a basis of H
0(X,mL) which is adapted to the filtration
{F(σ; a)t}t∈R>0 .
Then
(5.1) F (σ, a) =
1
h0(X,mL)
∑
s∈Bσ,a
µa(s)
and hence
(5.2)
∑
s∈Bσ;a
µa(s) > min
16i6q
(∑
ℓ>1
h0(X,mL− ℓDi)
)
.
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Note also that
(5.3) L⊗m ⊗ I(µa(s)) =
∑
b∈K
(
mL−
∑
i∈σ
biDi
)
where
(5.4) K = Kσ,a,s
is the set of minimal elements of the set
(5.5)
{
b ∈ N#σ :
∑
i∈σ
aibi > bµa(s)
}
relative to the product partial ordering on N#σ.
One other useful fact, for our purposes here, is that, working over some normal proper
model of X , are the inequalities
(5.6) div(s) >
∧
b∈K
∑
i∈σ
biDi
and
(5.7)
∨
σ∈Σ
a∈∆σ
div(Bσ;a) >
b
b+ n
(
min
16i6q
∞∑
ℓ=1
h0(X,mL− ℓDi)
)
D,
which were noted in [13]. (In equations (5.6) and (5.7), the notations
∧
and
∨
denote,
respectively, the greatest lower bound and least upper bound.)
Here, for the sake of completeness, we explain, following [13], the manner in which equation
(5.6) can be used to establish equation (5.7).
First, we mention that equation (5.6) is implied by Lemma 4.1. Indeed, because of (5.3),
combined with finiteness of the set (5.4), the desired inequality (5.6) is achieved as a direct
application of Lemma 4.1.
Next, let us turn our attention to establishing the inequality (5.7). With this aim in mind,
let
D :=
∨
σ∈Σ
a∈∆σ
div(Bσ;a)
be the least upper bound of the divisors
div(Bσ;a) :=
∑
s′∈Bσ;a
div(s′).
Fix a normal projective model
φ : X ′ → X
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on which D is represented by a Cartier divisor
D′ = DX′;
let E be a prime (Cartier) divisor on X ′. Fix an arbitrary point
x ∈ φ(Supp(E))
and put
σ := {i ∈ {1, . . . , q} : x ∈ Supp(Di)}.
For all
a ∈ ∆σ,
let v′, v, vσ,a and vi, for i = 1, . . . , q, be the multiplicities of E in D
′, φ∗D, φ∗ div(Bσ,a) and
Di, respectively. In particular, note that if a ∈ ∆σ, then
v′ > vσ,a.
The desired inequality (5.7) is then achieved after establishing existence of some
a ∈ ∆σ
which has the property that
(5.8) vσ,a >
b
b+ n
(
min
16i6q
∞∑
ℓ=1
h0(XF, mLF − ℓDi)
)
v.
To establish the inequality (5.8), observe first that if v = 0, then there is nothing to prove.
On the other hand, suppose that v > 0. For all i ∈ σ, put
(5.9) ti := vi/v.
Then, by construction, vi = 0 for all i 6∈ σ. In particular∑
i∈σ
vi =
q∑
i=1
vi = v;
whence ∑
i∈σ
ti = 1.
Now, by assumption, the divisors D1, . . . , Dq intersect properly. Among other things, it
follows that
#σ 6 n = dimX.
Furthermore,
b 6
∑
i∈σ
⌊(b+ n)ti⌋ 6 b+ n.
Fix
a = (ai) ∈ ∆σ
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which has the property that
(5.10) ti >
ai
b+ n
for all i ∈ σ.
For each s ∈ Bσ;a, let vs be defined as
vs := multφ∗(s)E;
in other words, vs is the multiplicity of E in the divisor div(φ
∗(s)).
The above discussion implies, especially because of (5.6), (5.9) and (5.10), combined with
the fact that ∑
i∈σ
aibi > bµa(s),
the following sequence of inequalities
vs > min
b∈K
∑
i∈σ
bivi
=
(
min
b∈K
∑
i∈σ
biti
)
v
>
(
min
b∈K
∑
i∈σ
aibi
b+ n
)
v
>
(
b
b+ n
)
µa(s)v.
(5.11)
In (5.11), the set K is as in (5.4), namely, it is the minimal elements of the set (5.5).
But now, combining the relations (5.11) and (5.2), it then follows that
vσ,a
v
=
1
v

 ∑
s∈Bσ;a
vs


>
b
b+ n

 ∑
s∈Bσ;a
µa(s)


>
(
b
b+ n
)(
min
16i6q
∑
ℓ>1
h0(XF, mLF − ℓDi)
)
.
(5.12)
This last collection of inequalities, given in (5.12), establish the inequality (5.8) and thus
the inequality (5.7).
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Now, having established (5.7) and (5.6), choose ǫ1 > 0, ǫ2 > 0 and positive integers m and
b so that (
1 +
n
b
)
max
16i6q
mc(d,mL) +mǫ2∑
ℓ>1 h
0(X,mL− ℓDi)
< max
16i6q
γ(d, L,Di) + ǫ1
< max
16i6q
γ(L, d,Di) + ǫ.
Write ⋃
σ;a
Bσ;a = B1
⋃
. . .
⋃
BT1 = {s1, . . . , sT2}.
For each i = 1, . . . , T1, let
Ji ⊆ {1, . . . , T2}
be the subset such that
Bi = {sj : j ∈ Ji}.
Choose Weil functions, for each v ∈ S, λD,v (·), λdiv(Bi),v (·), for i = 1, . . . , T1 and λsj ,v (·), for
j = 1, . . . , T2, for the divisors D, div(Bi) and sj respectively.
Then for each v ∈ S, it holds true, using (5.7), that
b
n+ b
(
min
16i6q
∑
ℓ>1
h0(X,mL− ℓDi)
)
λD,v (·) 6 max
16i6T1
λdiv(Bi),v(·) + Ov(1)
= max
16i6T1
∑
j∈Ji
λsj ,v(·) + Ov(1).
With ǫ2 in place of δ, Theorem 3.3 implies existence of constants aǫ2 , bǫ2 together with a
proper Zariski closed subset Z ( X , which is contained in a finite union of linear sections
Λ1, . . . ,Λh each of which has field of definition with degree at most equal to d over K, so that
the following condition holds, for points of bounded degree outside of some Zariski closed
subset Z ( X . For all
x ∈ X(K) \ Z(K)
with
[K(x) : K] 6 d,
either
hmL(x) 6 aǫ2 ;
or ∑
v∈S
max
J
∑
j∈J
λsj ,v(x) 6 (c(d,mL) + ǫ2)hmL(x) + bǫ2 .
(The maximum is taken over all subsets J ⊆ {1, . . . , T2} for which the sections sj , for j ∈ J ,
are linearly independent.)
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It follows that∑
v∈S
λD,v(x) 6
(
1 +
n
b
)
max
16i6q
(
c(d,mL) + ǫ2∑
ℓ>1 h
0(X,mL− ℓDi)
)
+O(1)
for all
x ∈ X(K) \ Z(K)
with
[K(x) : K] 6 d.
(Here, we use the fact that all of the Ji occur among the J in the above.)
Finally, since
hmL(x) = mhL(x),
it holds true that there exists constants aǫ1, bǫ1 > 0 so that either
hL(x) 6 aǫ1 ;
or ∑
v∈S
λD,v(x) 6
(
max
16i6q
γ(d, L,Di) + ǫ1
)
hL(x) + bǫ1
6
(
max
16i6q
γ(d, L,Di) + ǫ
)
hL(x) + bǫ1
for all rational points
x ∈ X(K) \ Z(K)
which have the property that
[K(x) : K] 6 d.
This completes our proof of Theorem 1.1. 
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